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Abstract
Turning on a NS-NS three-form flux in a compact space drives some D-branes to be
either Freed-Witten anomalous or unstable to decay into fluxes by the appearance
of instantonic branes. By applying T-duality on a toroidal compactification, the NS-
flux is transformed into metric fluxes. We propose a T-dual version of the Atiyah-
Hirzebruch Spectral Sequence upon which we describe the Freed-Witten anomaly
and the brane-flux transition driven by NS and metric fluxes in a twisted torus. The
required conditions to cancel the anomaly and the appearance of new instantonic
branes are also described. In addition, we give an example in which all D6-branes
wrapping Freed-Witten anomaly-free three-cycles in T˜ 6/Z2×Z2 are nevertheless un-
stable to be transformed into fluxes. Evenmore we find a topological transformation
between RR, NS-NS and metric fluxes driven by a chain of instantonic branes.
1e-mail :oloaiza@fis.cinvestav.mx
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1 Introduction
Incorporation of fluxes on superstring compactification setups has become an essential part
of models in the literature (for a review and references therein, see [1]). Basically the RR and
NS-NS fluxes provide a mechanism to stabilize some of the moduli. A more promising way
to stabilize all of them is to compactify a type II string theory on twisted tori, or in general
on nilpotent manifolds [2, 3].
Turning on external fluxes, in particular NS-NS field strengths, triggers also the appear-
ance of other effects. For instance a D-brane cannot wrap a submanifold which in turn
supports some units of NS-NS three-form flux since the system is anomalous as studied by
D. Freed and E. Witten (FW) in [4]. In order to cancel the anomaly, one must either wrap
D-branes on cycles which do not support NS-flux or to add extra branes to the anomalous
ones as in Refs. [5, 6]. So far in the literature, many flux compactification setups have
been built up by vanishing the external NS-flux on D-branes which in turn makes them FW
anomaly-free.
However this is not the only one consequence of fluxes. Eventhough one avoids D-branes
wrapping FW anomalous cycles, the presence of NS-flux drives some D-branes to be unstable
to decay into fluxes by the appearance of instantonic branes, as it was described by Maldacena,
Moore and Seiberg (MMS) [7] (see also [8]). This implies that the set of stable D-branes are
those which are neither FW anomalous nor unstable to decay into fluxes by encountering
an instantonic brane. Mathematically this establishes a connection between cohomology and
twisted K-theory called the Atiyah-Hirzebruch Spectral Sequence (AHSS) (for a recent review
see [9] and references therein).
An interesting situation arises by compactifying type II string theory on twisted tori.
Since these manifolds are realized by taking T-duality (of simple tori) on the coordinates
where a NS-flux is supported, all the information about the NS-flux in the original set up
is now encoded in the metric of the twisted torus. It is said that the new torus has metric
fluxes. However we know that a NS-flux imposes a stringent topological constraint, namely
that some D-branes are actually stable up to the encountering with an instantonic brane. A
natural question arises: what is the T-dual version of the instantonic branes in the twisted
tori?
The importance of that question lies on the fact that any phenomenological model which
attempts to stabilize moduli by considering extra fluxes, must be FW anomaly free and
evenmore, must take care of possible topological transitions between branes and fluxes as the
one described above.
Then the goal of this paper is to describe the effects of brane-flux transformation driven
by instantonic branes for the case of a twisted tori compactification. As expected, we find
that metric fluxes are also playing a role for driving a D-brane to be unstable. We also
consider the presence of external NS-flux extra to the twisted metric and interesting enough,
we find new topological transitions between RR and NS fluxes. In addition, by analyzing a
particular flux configuration on a twisted six-torus on which the orbifold group Z2 × Z2 is
acting, we find that all D6-branes wrapping three-cycles are unstable to be transformed into
fluxes.
Our paper is organized as follows: In section 2 we give a brief review on instantonic
branes in the context of the Atiyah-Hirzebruch Spectral Sequence and non-conservation of
D-brane currents. In section 3 we give our proposal on the T-dual version of the AHSS. We
also describe the instantonic branes for the case we have metric and NS- fluxes and some
particular examples are given. Finally, we give our conclusions and some comments in the
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last section. Appendix A is devoted to review the AHSS.
2 Instantonic branes
In this section we shall briefly review some topological constraints imposed by the presence of
a NS-NS flux. Essentially we shall see how the NS-NS flux drives a topological transformation
between D-branes and RR and NS-NS fluxes.
2.1 The Atiyah-Hirzebruch Spectral Sequence
In general, a D-brane can wrap any submanifold representing a non-trivial cycle in the space
homology, if such submanifold is spinc and the pullback of the NS-NS flux on the D-brane’s
worldvolume is trivial2. In case there is a non-trivial NS-NS flux a D-brane cannot wrap
the cycle which supports it due to Freed-Witten (FW) anomaly, which makes the system
inconsistent [4].
Turning on a NS-NS (NS for short) flux in type II theories restricts the number of subman-
ifolds D-branes can wrap. Roughly speaking, this means that homology cycles are represented
by a bigger set of submanifolds than those on which actually D-branes can be wrapped. Since
a D-brane is charged by a RR field which in turn couples to the correspondent cycle, one
expects that D-brane charges must be classified by a more refined group than (co)homology.
This group turns out to be K-theory [11, 12, 13, 14, 15], or more explicity since we are dealing
with a non-trivial NS flux, twisted K-theory (see for instance [9] and references therein).
Hence it is interesting to describe how some integral cohomology classes are projected out
to refine the original set into a twisted K-theory group. Physically this process was studied
by Maldacena, Moore and Seiberg (MMS)in Ref.[7] and it was based on the mathematical
algorithm called the Atiyah-Hirzebruch Spectral Sequence (AHSS). Interesting enough is to
elucidate that one of the more fruitful objects, from the point of view of string theory, are
precisely the branes wrapping those cohomology cycles which are not lifted to twisted K-
theory as we shall see in due course.
Let us consider a Dp-brane wrapping a spatial cycle Σp in a compact manifold
3 of dimen-
sion n. Applying Poincare´ duality to it, one gets a (n−p)-form σn−p. Following MMS the first
condition for the form to be represented by an stable Dp-brane is that σn−p be non-trivial in
Hn−p(X;Z). The second condition is that the D-brane wrapping Σp be a FW anomaly-free
system which means that restricted to the Dp worldvolume, H3 = 0 in cohomology. This also
implies that
d3(σn−p) := σn−p ∧H3 = 0. (2.1)
Hence, a Dp-brane represents a form which is not only closed by the standard differential map
d but also by d3 (notice that d3 is nilpotent as well). A D-brane representing an exact form
under d would wrap a cycle with boundary, which in turn implies that RR gauge invariance is
violated. If one defines the Poincare´ dual of the differential map d3 by a differential operator
∂3 in the sense of [16], the straightforward question is whether a brane wrapping a cycle with
2There are exceptions in the context of string theory in which a cycle is not represented by a smooth
submanifold. An example of this is a seven-dimensional submanifold of the spacetime which affects a D6-
brane wrapping on it. In this paper we will not consider such a case. For more details on these issues see
Ref.([10]).
3Through all this paper, we consider only spinc cycles.
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boundary with respect to ∂3 would be stable or not. The answer is clearly not since such a
brane suffers from a FW anomaly.
On the other hand, in the absence of a NS-NS flux, an stable D-brane is not only repre-
sented by a closed form but by a non-exact one as well, since otherwise the RR charge would
be zero. Integral cohomology is clearly the correct group to classify (forms represented by)
D-branes in a background without extra fluxes and fixed points (under some discrete group
actions as orientifolds). However, as soon as the extra NS-NS flux is turned on one must only
select closed forms under d3. The interesting point is to elucidate what happens with the RR
charge for branes representing d3-exact forms.
This was studied by MMS in [7] and one can briefly describe it as follows. Let σn−p be the
form represented by a Dp-brane; provided d3σn−p = dσn−p = 0 the Dp-brane is in principle
stable. However if σn−p = d3(ηn−p−3) the Dp-brane would be stable, wrapping the cycle Σp,
until it encounters a D(p+2) wrapping the cycle Πp+3 (Poincare´ dual to ηn−p−3) in which it
is immersed. The bigger D-brane must be an instantonic brane.
The above follows by noticing that a NS flux supported in a transversal cycle to Σp drives
the instantonic brane anomalous. Roughly speaking, the anomaly is related to the fact that
the flux H3 induces a divergent magnetic field strength on the worldvolume of the instantonic
brane where there are not magnetic sources. The addition of a co-dimension 3 brane provides
the magnetic source which cures the anomaly. Then it is required one D-brane for each unit
of NS-NS flux supported transversally to it. Physically one has that a Dp-brane, which seems
to be stable, would however disappear by encountering an instantonic D(p + 2)-brane which
supports one unit of H3.
This leads to the conclusion that stable D-branes must represent forms which belong to
the group
Ep3 :=
Ker d3|Hp
Im d3|Hp−3
(2.2)
i.e., forms that are closed but not exact under d3. This turns out to be the first refinement
step from cohomology to twisted K-theory and for the conditions we have (a ten-dimensional
spacetime, no orientifolds) it is the final step. So, we can say that those forms which survive
the refinement are truly twisted K-theory classes represented by stable D-branes. This is an
algorithm which connects integral cohomology to twisted K-theory and it is known as the
Atiyah-Herzibruch Spectral Sequence (AHSS). A brief review of it is provided in Appendix
A. Notice as well that the group Ep3 can also be defined as
Ep3 =
Ker dH |Hp
Im dH |Hp−3
, (2.3)
where dH = (d− d3). This last definition will be shortly justified.
Now, since the instantonic brane is also magnetical charged under the RR field strength
∗Fp+4, after its disappearance the field will remain in the background and supported in
transversal coordinates to those where the instantonic brane was. The transition occurs when
one Dp-brane transforms into the coupling of ∗Fp+4 ∧ H3. The charge of the disappeared
D-branes is now carried by the fluxes,
QDp =
∫
∗Fp+4 ∧H3 . (2.4)
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It is this process which allows to transform branes into fluxes and viceversa, which makes
them to be topologically equivalent [17].
2.2 D-brane currents in SUGRA
The above process, formally described by the AHSS, can be also inferred by studying the
D-branes current conservation in the context of supergravity. This formalism will be helpful
for the issues treated in the next section.
For the RR field strengths, we will use the democratic formulation (see e.g. [1] and
references therein) which encodes all RR potentials,
F (10) = dC −H3 ∧ C, (2.5)
where H3 = dB2. The Bianchi identities for the NS flux and for the democratic RR fluxes
are
dH3 = 0 (2.6)
dF (10) = F (10) ∧H3, (2.7)
from which one sees that the Bianchi identity for the RR fields are twisted in the presence of
a NS-flux. By defining a differential map
dH := (d+H3∧) = d− d3, (2.8)
the democratic RR fields F (10) are indeed closed under dH
dHF
(10) = 0 (2.9)
but not under the ordinary differential d.
Let us now add sources (D-branes) for the RR fluxes in the above equation,
dHF
(10) = J. (2.10)
Notice that there are two contributions for the D-brane charge: the RR field strength F and
the fluxes H3 ∧ F . Now, since dH is nilpotent, dHJ = 0, and the current is conserved with
respect to dH . In terms of the ordinary differential map, one gets that
dJ = J ∧H3 = d3J, (2.11)
from which it is realized that the current of D-branes is not conserved due to the presence of
the NS-flux H3.
Therefore, the current J is representing a D-brane (or in this democratic formulation,
a network of D-branes) which in the AHSS context, should be instantonic. On the other
hand, dJ is closed under d3 but exact. So it is a trivial class in E3 and should represent (a
network of) D-branes wrapping a non-anomalous spatial cycle which decay by encountering
an instantonic brane.
Hence supergravity equations of motion and Bianchi identities can indeed reproduce the
AHSS formalism.
Let us see a more concrete case4. Consider a Dp-brane which is charged under the RR
field strength ∗Fp+2. The action involves the kinetic term for the RR fluxes and the coupling
4This approach has been taken in the spirit of [18]. See also [19] and [20]
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between the potential and the worldvolume. If a Chern-Simons term is present, it must be
of the form ∫
Cp+1 ∧H3 ∧ ∗Fp+4, (2.12)
where ∗Fp+4 is another RR flux. For such a term to be non zero, the NS flux must be
supported transversally to the Dp-brane and the flux ∗Fp+4 must be transversal to both,
H3 and Cp+1. Being ∗Fp+4 the magnetic field strength under which a D(p + 2)-brane is
charged, a non-zero Chern-Simons term leads to a configuration of a Dp-brane immersed in
the D(p+2) such that the worldvolume of the former is of codimension 3 in the worldvolume
of the latter and the NS-flux being transversal to the Dp-brane. This configuration encodes
all the requirements for the MMS model to be applied. So we must somehow arrive at the
same conclusion, i.e., that an instantonic brane is driving the decay of an stable D-brane, by
just considering the currents. Indeed, the equation of motion for the RR potential Cp+1 is
d ∗ Fp+2 = ∗Jp+1 +H3 ∧ ∗Fp+4. (2.13)
The presence of the D(p+ 2)-brane makes the current non conserved since
d ∗ Jp+1 = H3 ∧ ∗Jp+3, (2.14)
where ∗Jp+3 is the current associated to the D(p+ 2)-brane. If this brane is instantonic, the
above equation tells us that a Dp-brane disappear by encountering it and the charge of the
disappeared Dp-brane is now carried by the fluxes H3 ∧ ∗Fp+4 in accordance with the MMS
picture (see also [21]).
3 Instantonic branes in twisted torus compactification
In the past few years, IIB string compactification with extra fluxes has been useful to sta-
bilize some moduli. One fruitful attempt to improve the above setup has been to consider
compactification on its T-dual version5. By taking T-duality, the extra flux manifests itself
as metric fluxes and deforms the torus on which now type IIA is compactified. This deformed
torus is called twisted torus ([2, 3, 24].
In this section we shall study how instantonic branes are manifested in this background.
Some concrete examples are given in the end of the section.
3.1 Compactification on twisted tori
Let us consider IIB string theory compactified on a six-dimensional flat torus T 6 in the
presence of N units of a non-trivial flux H3 = −Nω3, where
ω3 =
∑
i,j,k
dxi ∧ dxj ∧ dxk . (3.1)
After T-duality on xi1 , xi2 , xi3 , the metric becomes
ds2 = g˜ijη
iηj, (3.2)
5For a formal description about T-duality and NS-flux, see [22] and [23].
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where we denote the metric elements in the new basis η as g˜ij and
ηi = dxi − ωijkx
jdxk, (3.3)
with i running over 1 to 6 and the constant structure ωijk = 0 for i ∈ {ii, i2, i3}. The relation
between the new and the old basis given by the above equation implies that the one-forms η
are not closed,
dηi = −ωijkη
j ∧ ηk. (3.4)
Notice that the constant structure ωijk would be zero had the NS-flux in the type IIB side
been zero. Evenmore, it is ωijk which makes the η’s to be non-closed.
As a consequence it is possible to define an exact two-form which has as components
the structure constants ωijk. This is done through the derivative of the metric which is also
non-closed,
ω(x) = −dg(x) = −
1
gxx
ωxabdx
a ∧ dxb, (3.5)
with x ∈ {i1, i2, i3}. The NS-flux in type IIB is now encoded in ω
i
jk which from now on we
shall refer to as metric fluxes. Hence, for a general p-form (with constant components σµ1···µp)
σp = σµ1···µpη
µ1 ∧ · · · ∧ ηµp , (3.6)
one gets that
dσp = ω(x) ∧ σp(x), (3.7)
where σp(x) is the (p− 1)-form defined as
σp(x) = σxµ1···µp−1η
µ1 ∧ · · · ∧ ηµp−1 . (3.8)
It is straightforward to show that
ω(x) ∧ σp(x) = −ω
x
abσxµ1···µp−1η
a ∧ ηb ∧ ηµ1 ∧ · · · ∧ ηµp−1 := −ωσp, (3.9)
from which the differential of a p-form can also be written as dσp = −ωσp. Hence, in general
the differential of a p-form will have two components: the usual derivative (for non-constant
components) and ωσp. This leads us to redefine the differential map as
dω = (d+ ω), (3.10)
such that dωσp = dσp + ωσp. Notice that in this notation, dωη
i = 0.
Finally one sees that when σp is closed under dω, it is not under the ordinary differential
d. This certainly resembles the properties of dH in type IIB side.
3.2 AHSS T-dual version
We have seen that in type IIA the metric fluxes play the role of NS-fluxes upon T-dualization
on Type IIB. It is then natural to study how all topological effects driven by the NS-flux
are manifested in the T-dual version by the metric fluxes. For instance, it is expected that
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stable D-branes represent closed forms which somehow involve the metric fluxes. The natural
candidate to define which form is closed is still the differential map d.
Therefore, we require an algorithm which refines a set of general forms into those which
are closed but not exact under d. Notice that by this procedure we will give ride of those
forms that are closed due to the presence of the metric fluxes ω(x) which undoubtedly leads
us to a small set of forms than that get it by cohomology of the flat six-torus. This is the
T-dual version of the first step in the AHSS we propose, which as we shall see, reproduces
the results shown in [24]. The explicit construction is as follows.
Consider in general p-forms in Ωp(T˜
6). The first step is then to select forms that are
closed but not exact under the ordinary differential map, (which must be the T-dual version
of Ep3(T
6) in type IIB),
E
p
1 =
Ker d|Ωp
Im d|Ωp−1
, (3.11)
which is nothing more than the p-th cohomology group of the twisted torus T˜ 6 denoted as
Hp(T˜ 6;Z).
Important enough is to notice that, while in type IIB with NS-flux all the topological
constraints imposed by the flux were encoded in the second step in the AHSS, in its T-dual
version they are contained at the level of cohomology.
Therefore non-trivial forms in E
p
1(T˜
6) are expected to be represented by stable D-branes.
in which the T-dual FW anomaly now reads
dσp = −ωσp = 0. (3.12)
for some p-form σp. On the other hand, for the twisted torus T˜ 6 it turns out
6 that there are
exact forms which are in fact N -torsion forms and henceforth they are written as Nξp+1 =
dσp = −ωσp. Then, for those forms, if Nξp+1 is exact,
[Nξp+1] = [0] ∈ H
p(T˜ 6;Z), (3.13)
and [ξp+1] ∈ Tor H
p(T˜ 6;Z).
Upon Poincare´ duality one can easily see that a Dp-brane representing an exact form
σ6−p = dωpi5−p is wrapping a cycle with boundary since,
Σp = ∂Πp+1 (3.14)
where Σp = PD(σ6−p) and Πp+1 = PD(pi5−p). This is nothing more than the T-dual version
of a type IIB D-brane wrapping a cycle “with boundary” with respect to ∂3 as defined in the
previous section.
All the above construction yields the suggestion that T-dual version of the transition
between D-branes and fluxes occurs as follows: A Dp-brane, in principle stable, wraps a
cycle Σp ∈ Hp(T˜
6;Z) which is not torsion in the presence of N units of metric flux ω(x)
supported transversally to Σp. However N Dp-brane drives the cycle to be exact since
NΣp ∈ Tor Hp(T˜
6;Z). The N Dp-brane travel in time and encounter an instantonic Dp-
brane wrapping the spatial cycle Πp+1 (which supports the metric fluxes) and disappear. As
6We shall see this in next examples.
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time
Dp−brane
Instantonic
Dp−brane
cycle with boundary
Flux   *G p+2
Figure 1: In presence of metric fluxes, a Dp-brane ends at an instantonic Dp-brane. The instantonic
brane emits a remanent flux ∗Gp+2.
a remnant the magnetic RR field strength ∗Fp+2, created by the instantonic brane, couples
to metric fluxes as −ω ∗ Fp+2 from which the charge of the disappeared branes is computed
QDp = −
∫
ω ∗ Fp+2 = N. (3.15)
The process is depicted in Fig.(1).
In the following we study the above setup from the point of view of supergravity and we
check consistency on the field theory on the worldvolume of a Dp-brane supporting metric
fluxes. These two cases will support the above T-dual picture of a transition between branes
and fluxes.
3.2.1 D-brane currents
In type IIB on T 6 the supergravity equations of motion, together with a Chern-Simons term
is in agreement with the physics of the AHSS as we have seen in the first section. Hence, one
way to support the T-dual AHSS proposal is to check if it is compatible with IIA supergravity
equations of motion with a T-dual Chern-Simons term involving the presence of metric fluxes.
The T-dual Chern-Simons term in type IIA reads [25]
SCS =
1
2κ20
∫
eT 6
Cp+1 ∧ ω(x) ∧ ∗Fp+4(x) . (3.16)
The supergravity equation of motion with respect to the RR potential Cp+1 are d ∗ Jp+1 =
−ω ∗ Jp+1, i.e.,
dω ∗ Jp+1 = 0, (3.17)
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which is compatible with a Dp-brane action in terms of the differential dω, since the above
CS term arises from the kinetic term,
SK = −
1
2κ20
∫
Fp+2 ∧ ∗Fp+2 = (3.18)
=
1
2κ20
∫
Cp+1 ∧ dω ∗ Fp+2 = (3.19)
=
1
2κ20
(∫
Cp+1 ∧ d ∗ Fp+2 −
∫
Cp+1 ∧ ω(x) ∧ ∗F(p+4)(x)
)
. (3.20)
Notice that the metric fluxes are the source for the non-conservation of Dp-brane current
with respect to d. However, charge measured by ∗Jp+1 is indeed conserved in terms of dω
which means that the total contribution for the Dp-brane charge coming from Dp-branes and
fluxes remains constant.
In the democratic formulation for RR fields, the current conservation (or non- conserva-
tion) for a D-brane network reads dωJ = 0, which is realized from the equations of motion
dωF
(10) = J, (3.21)
where F (10) = dωC = dC + ωC as in [26, 27, 28].
From these results one concludes that:
• The current J does not belong to H(T˜ 6;Z) which for the case of the twisted torus
means that
dJ = Nβ (3.22)
for some exact form β. Since the current J is under Ponicare´ duality connected to the
worldvolume of a D-brane, the above equation tells us that
∂W = NW (3.23)
where PD(J) =W. Hence, a D-brane with current J is actually wrapping a cycle with
boundary. This is the T-dual of FW anomaly [24] one gets from the proposed T-dual
AHSS.
• Since ω(x) is quantized, there are N units of it, from which one gets that the variation
of Dp-brane current is ∫
d ∗ Jp+1 =
∫
ω ∗ Jp+1 = N. (3.24)
Henceforth, the presence of metric fluxes makes the number of Dp-branes to vary in
multiples of N , i.e., N Dp-branes disappear if the variation is measured over time by
encountering an instantonic brane.
It is followed that supergravity equations of motion and particularly Bianchi identities
in type IIA compactified on a twisted torus describes the emanation or absorption of Dp-
branes by an instantonic Dp-brane wrapped on an spatial cycle with boundary, which in turns
supports a non-trivial amount of metric flux. This is totally in agreement with the T-dual
AHSS we have proposed.
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3.2.2 Field theory on a D-brane
In order to give more support to our proposal, let us study the field content on the worldvol-
ume of a Dp-brane which actually supports N units of metric flux. Our expectatives are to
find some kind of inconsistency in similarity with the FW anomaly in type IIB with NS-flux
as in [25].
Let us consider a Dp-brane wrapping a cycle which also supports the metric flux. Hence,
in the worldvolume Wp+1 of the Dp-brane there is a term induced by the presence of ω(x),∫
Wp+1
ω(x) ∧ A˜p(x) = −
∫
Wp+1
ωA˜p . (3.25)
Since ω(x) is an exact two-form, the above term is actually zero if and only if the cycle Wp+1
is boundaryless. However, as it was suggested by the previous case, the interesting case
emerges when one considers a D-brane wrapping a cycle with boundary. So let us take the
worldvolume Wp+1 with boundary in which case the equations of motion for the induced
potential A˜p can not be fulfilled. Hence, to remove the tadpole in T˜ 6 let us add magnetic
sources for the induced gauge potential A˜p, so that the action on Wp+1 is∫
Wp+1
F˜p+1(x) ∧ ∗F˜p+1(x) +
∫
Wp+1
ω(x) ∧ A˜p(x). (3.26)
After integrating by parts, the equations of motion are,
d ∗ F˜p+1(x) = ω(x) (3.27)
which tells us that the inconsistency driven by the presence of metric fluxes is cured by adding
Dp-branes. For the initial Dp-brane to be instantonic, one concludes that N Dp-branes would
disappeared by encountering it, leaving as a remnant the magnetic RR flux created by the
instantonic brane coupled to the metric fluxes, i.e., -ω ∗ Fp+2. This agrees with the proposed
the T-dual AHSS.
3.2.3 An example
Before continuing on constructing the next step in the T-dual AHSS, let us study a concrete
example. Consider type IIB on T 6 with an extra NS-flux [2, 29, 3, 26, 28, 27]
H3 = −Nω3 = −N(dx
1 ∧ dx5 ∧ dx6 + dx4 ∧ dx2 ∧ dx6 + dx4 ∧ dx5 ∧ dx3) , (3.28)
where ∫
Σ3
H3 = N, (3.29)
and Σ3 is the Poincare´ dual of ω3. By taking T-duality on coordinates x
1, x2, x3 we get type
IIA string theory compactified on a twisted torus T˜ 6 with constant structures ωijk given by
ω156 = ω
2
64 = ω
3
45 = −N . (3.30)
From the (co)homology of T˜ 6, explicity computed in Ref.[24], one can take branes represent-
ing N -torsion forms, which according to our proposal would disappear by encountering an
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instantonic brane representing a non-closed form. We shall denote the p-form ηi1 ∧ · · · ∧ ηip
as ηi1···ip and its corresponding (6− p)-cycle as
PD(ηi1···ip) = Σl1···l6−p with {i1, · · · , ip} 6= {l1, · · · , l6−p}. (3.31)
In terms of a 1-cycle basis in the twisted torus, one-cycles are expressed as
Σi = (1, 0)i and Σi+3 = (0, 1)i+3, (3.32)
where i = 1, 2, 3 denotes in the right hand side, the two-dimensional tours under considera-
tion. Once we have fixed our notation let us consider D6-branes wrapped on three-cycles.In
particular if the three-cycle is N -torsion, a brane wrapping it would suffer a topological trans-
formation. So, in order to know how many torsion three-cycles there are, we must compute
the third cohomology group of the twisted torus. This is [24],
H3(T˜ 6;Z) = Z12 × Z4N , (3.33)
which tells us that there are four N -torsion forms and four N -torsion cycles. Let us select
the cycle
Σ123 = (1, 0)1 × (1, 0)2 × (1, 0)3, (3.34)
which is neither a non-closed nor an exact form. Hence a D6-brane wrapped there is stable.
However, if we wrap not a single one but N D6-branes, the cycle turns out to be the boundary
of a four-cycle,
Σ123 = ∂Π4, (3.35)
since now NΣ123 ∈ Tor H3(T˜
6;Z) and where Π4 = [(Σ25 +Σ14)× Σ36 − Σ1245]. Under
Poincare´ duality the correspondent forms satisfy
Nη456 = d(η14 − η25 − η63) := dζ2. (3.36)
According to our proposal, N D6-branes wrapping Σ123 are stable until encounter an instan-
tonic D6-brane wrapping the cycle Π4 which in turn supports the metric flux,
ω(x) = ω
1
45η
45 + ω246η
46 + ω356η
56 (3.37)
which indeed is supported transversally to Σ123.
After the appearance of the instantonic brane, the N D6-branes are transformed into flux.
If our proposal is correct, the final flux must be proportional to the forms η456 which was
represented by the disappeared D6-branes. Indeed the magnetical RR field strength F2 left
as remnant by the instantonic brane is supported on the cycle
Θ2 = Σ14 − Σ25 − Σ63 (3.38)
which satisfies Θ2 ×Π4 = 0. Hence the RR flux is written in the η-basis as
F2 = F14η
14 − F25η
25 − F63η
63, (3.39)
and consequently, the coupling between this flux and the metric one is given by
ωF2 = −Nη
456 (3.40)
as represented by the already disappeared D6-branes. This confirms that the T-dual AHSS
works for this example.
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3.3 AHHS T-dual version and NS-flux
Up to now we have not considered the presence of extra NS-fluxes in the twisted tori manly
because we were interested in the T-dual picture of NS-flux in type IIB. The classes obtained
after applying the T-dual version of the AHSS correspond to a twisted K-theory group. How-
ever from the type IIA side this refinement is taking place on the torsion part of cohomology
which comes from T-duality of the NS-flux. The cohomology classes belonging to the non-
torsion part have been not refined into a K-theory class which leads us to think on a further
refinement. Naively one can think that turning an extra NS-flux will do it.
However we already have a three-form which has not been considered so far; the Ka¨hler
form J in the twisted tori is not anymore closed under d making that our background has a
natural three-form flux ωJ . Hence the desired refinement from E
p
1(T˜
6) to twisted K-theory
would involve all possible three-form fluxes, this is, a NS-flux H3 and the metric component
of the Ka¨hler form ωJ . Our proposal for a third step in the T-dual AHSS is as follows.
In general, by having a B-field one can built up a complexified Ka¨hler form
Jc = B + iJ. (3.41)
In a non-twisted torus H3 = dJc is the responsible for the apparition of the FW anomaly. In
the present case
dωJc = H3 + ωJc. (3.42)
This suggests that the next step in the T-dual AHHS is to take forms which are closed but
not exact under the map
d3 := (H3 + ωJc) ∧ . (3.43)
Therefore a p-form represented by a FW anomaly-free brane must satisfies
d3 σp = (H3 + ωJc) ∧ σp = 0, (3.44)
which implies that at the level of cohomology
H3 + ωJc = 0. (3.45)
Henceforth, the most direct form to cancel the FW anomaly in twisted tori is to fulfilled the
above condition. Interesting enough, Eq(3.45) has been analyzed as the condition to assure
gauge invariance in the effective theory as in [26] and by studying localized Bianchi identities
as in [27, 28]. However for the case the three-forms fluxes are not trivial in cohomology,
canceling the FW anomaly requires extra branes, which in turns will leads us to more brane-
flux transitions.
Our proposal for the third refinement in the T-dual AHSS is then to consider forms which
belong to the group
E
p
3(T˜
6) =
Ker d3|Hp
Im d3|Hp−3
. (3.46)
Hence, according to this, non-closed forms under dH cannot be lifted to a twisted K-theory
class of T˜ 6 and D-branes representing them are physically unstable. On the other hand, exact
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forms are represented by D-branes which are stable until they encounter an instantonic brane
(representing a closed form). After that the branes transform into a configuration of fluxes
involving NS and metric ones.
Notice as well that by defining the map
dH = d− (H3 + ωJc)∧, (3.47)
the group of non-trivial forms under d3 can also be written as
E
p
3(T˜
6) =
Ker dH |Hp
Im dH |Hp−3
. (3.48)
In this context one can see that a d3 non-closed form σp satisfies d3σp = dηp−1 = −ωηp−1
which suggests that the flux representing ωηp−1 can also be turned into D-branes. We shall
return to this later on.
3.3.1 RR fields equations of motion
In order to support our previous statements, let us study the RR field equations of motion in
the presence of metric and NS-fluxes. We shall see that the disappearance of D-branes is an
straightforward consequence of having extra fluxes. Specifically the introduction of metric
fluxes and a B-field7 induces a Wess-Zumino term given by
Ip+4 = µp+2
∫
Wp+3
Cp+1 ∧ (B2 + iJ). (3.49)
Using the relation ∗Jp+3 = dω ∗ Fp+4 = −2κ
2
0µp+2PD(Wp+3) one gets
Ip+4 = −
1
2κ20
∫
eT 6
Cp+1 ∧ Jc ∧ dω ∗ Fp+4, (3.50)
which is actually a Chern-Simons term. Hence the equations of motion for the RR field
becomes after integration by parts,
dω ∗ Fp+2 = ∗Jp+1 − (H3 + ωJc) ∧ ∗Fp+4. (3.51)
The current is then non-conserved if there are D(p + 2)-branes,
dω ∗ Jp+1 = (H3 + ωJc) ∧ ∗Jp+3. (3.52)
By defining the differential map
dH = d− d3 (3.53)
with d3 = (H3 + ωJc)∧ one gets that the current is indeed conserved under dH ,
dH ∗ Jp+1 = 0. (3.54)
7There is not an induced D-brane charge by the B-field mainly because it is canceled against bulk Chern-
Simons terms as it was shown in [30].
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In the democratic formulation of the RR fields, the twisted Bianchi identity and the
non-conservation of the current read,
dωB2 = (H3 + ωJc), (3.55)
dF (10) = d3F
(10) + J, (3.56)
dHJ = 0. (3.57)
Then the current ∗Jp+1 does not belong to E
5−p
3 (T˜
6), proving that it does represent an
instantonic brane. In such case a current of N Dp-branes emanates from it provided N units
of three-form flux H3+ωJc are transversally supported to the cycle where the Dp-branes are
wrapped.
After the disappearance of the N Dp-branes, there is a remnant of fluxes
(H3 + ωJc) ∧ ∗Fp+4 (3.58)
carrying the Dp-brane charges.
3.3.2 Field theory
As in previous cases, the presence of H3 + ωJc induces an action term on a D(p+ 2)-brane’s
worldvolume ∫
Wp+3
(H3 + ωJc) ∧ A˜p, (3.59)
driving the field theory inconsistent.
The way to cure it is to add magnetic sources for the gauge potential A˜p, after which the
equation of motion becomes
dω ∗ F˜p+1 = H3 + ωJc. (3.60)
In the case the D(p+2)-brane is instantonic, the sources can only be Dp-branes terminating
at the former one. This configuration is in agreement with the proposed T-dual AHSS.
3.4 Example 2: Twisted six-torus threaded by a constant NS-NS flux
Let us consider the same twisted six-torus as in Example 1. In this case the complexified
Ka¨hler form Jc = B + iJ is [24]
Jc = −
1
2
3∑
i=1
(
Ti
Im τ i
ei ∧ e¯i
)
, (3.61)
where
ei = ηi + τ iηi+3 (3.62)
for i = 1, 2, 3 and τ i being the complex structure parameters whereas Tj are the complexified
Ka¨hler parameters. Therefore,
H3 + ωJc =dωJc =M
(
−
T1
Im τ i
η156 +
T2
Im τ2
η264 +
T3
Im τ3
η345
)
+
+M
(
Re τ1 +Re τ2 +Re τ3
)
η456. (3.63)
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For simplicity let us only consider for the moment the term − T1
Im τ1
Mη156. It follows that
a zero-form φ ∈ H0(T˜ 6;Z) is non-closed under d3 since
d3φ = −M
T1
Im τ1
η156 6= 0. (3.64)
Hence an space-filling D6-brane representing the form η156 is exact and consequently trivial
in E
3
3(T˜
6). It also wraps the cycle
PD(η156) = Σ234 (3.65)
which is non-trivial in H3(T˜
6;Z).
On the other hand, the zero-form φ is representing an space-filling D8-brane wrapping
the whole twisted six-torus. Therefore φ does not belong to E
0
3(T˜
6) and it is not an stable
D8-brane but rather an instantonic one.
According to the proposed T-dual AHSS, M D6-branes wrapping Σ234 would turn into
flux by encountering an instantonic D8-brane wrapping T˜ 6. Its magnetic field F0 couples to
H3 + ωJc after the D8 disappearance as
F0 ∧H3 = −
T1
Im τ1
MF0η
156, (3.66)
which reproduces the same configuration as the one represented by the disappeared D6-
branes.
The same is true for for the other components in Eq.(3.63), such that N space-filling
D6-branes wrapping Σ135 +Σ126 +Σ123 disappear and turn into flux.
Summarizing our two examples, out of the 20 possible cycles, a bunch of N D6-branes can
wrap only 12 cycles in an stable and consistent way, whereas a bunch of M D6-branes can
only wrap also 12 cycles. Notice however that in the set of forbidden eight cycles there are
two of them in common. Therefore in the case N =M it is only possible to wrap D6-branes
in six three-cycles. Details can be consulted in Table 1.
3.5 Transition between fluxes
The two common cycles, namely NΣ123 and Σ456, open up the possibility to have a chain
of topological transformations between different kind of fluxes. To be more specific, let us
consider the same case as in example 2 for N = M , i.e., where the twisted six-torus is
threaded by N units of metric and NS- fluxes.
An straightforward observation in that case is the fact that D6-branes are transformed
into fluxes by two different instantonic branes: D6 and D8 space-filling branes. The flux
which drives the transformation is different for each case. For the instantonic D6 we have a
metric flux whereas for the D8-brane is the complexified NS flux H3+ωJc. Being the source
of the anomaly (in the instantonic brane) different for each case, the remnant fluxes are as
well different. However it is possible to show that these two different remnants are indeed
connected by a chain of the above two instantonic branes, and in turn establishing a process
which topologically transform one into the other.
To show that, take for instance a RR field strength in the bulk given by ωF2 such that in
terms of the twisted-basis
−ωF2 = Nη
456. (3.67)
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D6-branes ω(x) H3 + ωJc
Torsion NΣ123 MΣ234
N(Σ134 +Σ235) MΣ135
N(Σ125 +Σ136) MΣ126
N(Σ236 +Σ124) MΣ123
instantonic Σ456 Σ156
Σ146 +Σ256 Σ264
Σ245 +Σ346 Σ345
Σ356 +Σ145 Σ456
Table 1: For the twisted six-torus, there are six three-cycles on which D6-branes can be safely
wrapped, whereas there are four torsional ones on which N D6-branes become unstable to decay into
fluxes and four more on which wrapped D6-branes are FW anomalous. The only option for them is
to be instantonic. By turning an extra NS-flux H3+ωJc the same happens for the cycles listed in the
third column.
Since the form Nη456 is trivial in cohomology, it is represented by also by N space-filling
D6-branes wrapping Σ123. In other words, the transformation between branes and fluxes
through the appearance of an instantonic brane works in both directions. The above form is
transformed into a bunch of N D6-branes by the appearance of an instantonic anti D6-brane8
wrapping the cycle Π4.
Some time later an instantonic D8 appears driving the form Nη456 to be exact in twisted
K-theory rather than only in cohomology. The D8-brane turns the N D6-branes into the
flux (H3 + ωJc) ∧ F0 as in example 2. In the end we have a process (or an algorithm) which
transforms ωF2 into (H3 + ωJc)F0, i.e., a transition between RR and NS fluxes.
The process can easily been generalized such that
ω ∗ F p+2 ↔ (H3 + ωJc) ∧ ∗F p+4, (3.68)
via the appearance of a Dp and a D(p+ 2) instantonic branes wrapping suitable cycles.
3.5.1 Example 3: T˜ 6/Z2 × Z2
Phenomenologically it is more interesting to analyze the Z2 × Z2 orbifold of T˜
6, where the
generators of the Z2 actions are given by
θl :(η
i, ηi+3)→ (−1)κl(ηi, ηi+3) (3.69)
(3.70)
8The instantonic must be an anti D6-brane for the current to be conserved under dH , i.e., dHJ = 0.
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D6-branes ω(x) H3
Torsion NΣ123 MΣ234
MΣ135
MΣ126
MΣ123
instantonic Σ456 Σ156
Σ264
Σ345
Σ456
Table 2: For the Z2 × Z2-orbifold twisted six-torus there are 6 three-cycles on which D6-branes can
be safely wrapped, whereas there is a torsional one on which N D6-branes become unstable to decay
into fluxes and another one which is completely forbidden since it is FW anomalous. However for the
same torus threaded by a NS-flux there are not safe cycles in the sense that the only 4-cycles on which
space-filling D6-branes can be wrapped are torsional, driving the branes to be unstable.
where
κl =


1 for i = 2, 3 and l = 1
1 for i = 1, 2 and l = 2,
0 otherwise.
(3.71)
The cohomology of invariant forms under the orbifold group Z2 × Z2 is also given in
Ref.[24]. For us the interesting case comes from the third (co)homology group,
H3(T˜
6;Z) = H3(T˜ 6;Z) = Z6 × ZN , (3.72)
where the only one N -torsion form is
Nη456 = d(η14 + η25 + η36), (3.73)
and the non-closed form is η123. Hence, out of the 8 possible 3-cycles of T˜ 6/Z2 × Z2 there
are only 6 cycles on which N D6-branes can be wrapped under the presence of metric fluxes
as shown in [24]. Hence N D6-branes wrapping Σ123 are non-stable to decay into ωF2.
By turning on M units of NS-flux H3 + ωJc the number of “forbidden” cycles increases
since now there are six- more cycles on which M D6-branes are either unstable to decay into
fluxes or inconsistent for being FW anomalous9 as listed in Table 2.
It is interesting to notice that in this case, D6-branes can wrap only 4 three-cycles which
turn to be torsional. Hence all possible consistent D6-branes are unstable to decay into a
9This is they can play the role of instantonic branes for a bunch of D0-branes in the twisted six-torus. This
would trigger a cascade in the gauge theory of type IIB D3-branes sitting on a point in the twisted torus.
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configuration of fluxes F0(H3+ωJc). The only way to avoid this situation is canceling trivially
the FW anomaly by vanishing the extra flux,
H3 + ωJc = 0 (3.74)
as in [26, 27, 28]. It would be interesting to study the complete cohomology group for the
orbifolded twisted torus which takes into account the twisted forms as well. It is possible
that in such case there are cycles neither torsional nor anomalous.
4 Conclusions
There are global effects on the stability of D-branes in a compactification setup threaded by
external fluxes. Since every D-brane wrapping a cycle which supports non-trivial units of
NS-NS flux is potentially Freed-Witten anomalous, it is required either to cancel the external
flux on the worldvolume of D-branes, or to add other branes to cancel the anomaly. Usually
phenomenological models rather consider the first case in order to avoid extra branes.
However there are D-branes which although are FW anomaly-free, can be nevertheless
unstable. This is physically interpreted as a topological transformation between D-branes
and fluxes through the appearance of instantonic branes as it was shown in the seminal pa-
per by Maldacena, Moore and Seiberg (MMS)[7]. Hence, taking only D-branes on which the
extra flux vanishes is not always the solution to avoid the appearance of topological effects
as the above mentioned transition. Formally such transition is described by a mathematical
algorithm known as the Atiyah-Hirzebruch Spectral Sequence which roughly speaking, con-
nects cohomology with twisted K-theory.
So, in this paper we have studied such effects in the twisted six-torus (particularly in type
IIA) realized by taking T-duality on the flat torus threaded by extra NS-flux (in type IIB).
Following Ref.[24] where the author shows that all NS-flux effects on the stability of D-branes
are mapped into the torsion component of the twisted six-torus cohomology, we proposed a
T-dual version of the AHSS.
Whereas for the flat six-torus the effects of NS-flux was encoded in the second step of
the AHSS, in the twisted one they are encoded in the torsion part of cohomology, i.e., in
the first step. According to the physical interpretation given by MMS, we found that N
Dp-branes wrapping a torsion cycle will decay into fluxes by encountering an instantonic
Dp-brane wrapped in a (p + 1)-cycle supporting the metric fluxes. The remnant fluxes are
given by the coupling between metric fluxes and the magnetic field strength related to the
instantonic brane. This allows to transform in a topological sense, Dp-branes into −ω ∗Fp+2
which is in accordance to the the fact that
d ∗ Fp+1 = −ω ∗ Fp+1. (4.1)
We also studied the equations of motion for RR potential in a background threaded by metric
fluxes as well as the field theory content on the worldvolume of a Dp-brane supporting metric
fluxes. The results of these systems together with a particular example, are in agreement
with the proposed T-dual version of the AHSS.
However, although the second step in the AHSS, denoted as Ep3(T
6) and involving the
extra NS-flux, is the final one to connect cohomology classes with K-theory ones (in the
absence of fixed points), the T-dual version of it cannot finish at the first step Ep1(T˜
6) (T-
dual of Ep3(T
6)) since the refinement has taken place only at the torsion part of cohomology.
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We have still to refine the non-torsion part of cohomology. Hence by turning on an extra
complex three-form, composed of the NS-flux and the non-closed Ka¨hler form we proposed
that the second step in the T-dual AHSS is to take forms which are closed but non-exact
under the differential map
d3 = ∧(H3 + ωJ). (4.2)
The group of such forms is denoted by E
p
3(T˜
6). The correspondent physical interpretation is
that now those branes representing trivial forms under d3 would decay into a configuration
of fluxes by encountering an instantonic D(p + 2)-brane wrapped in a cycle which in turn
supports the complex flux H3+ωJ . The remnant is the coupling between the complex three-
form and the magnetic field strength for the instantonic brane. Hence Dp-branes, representing
non-trivial forms in E
p
i (T˜
6) are topologically transformed into (H3 + ωJ) ∧ ∗Fp+4. We also
analyze the correspondent D-brane action threaded by these external fluxes and the tadpole
generated in the worldvolume of a D-brane supporting such extra flux. The results are as
well in agreement with the proposed second step in the T-dual AHSS. A particular example
shows the validity of our proposal.
Interesting enough, we found that in some cases, as for three-cycles in our examples, the
groups E
3
1(T˜
6) and E
3
3(T˜
6) share some exact three-forms. This allows to construct a chain of
instantonic branes in which the flux ω ∗Fp+2 is transformed into (H3+ωJ)∧∗Fp+4, relating
NS-NS fluxes with RR ones and viceversa. An explicit example is also provided, showing that
for a type IIA compactification on a twisted six-torus threaded by a metric flux in coordinates
456 and a NS-flux compatible with supersymmetric conditions, there are only 6 cycles out of
20, where a space-filling D6-brane can be wrapped.
Moreover by studying the case of the twisted six-torus orbifolded by Z2 × Z2, we find
that all D6-branes wrapping the invariant (untwisted) cycles, are either unstable to decay
into fluxes or anomalous in the context of Freed-Witten. In cases like that, phenomenological
models are not protected for instabilities unless H3 + ωJ = 0 as in [26, 27]. It is important
to say that we have consider only forms and cycles invariant under the action of the above
discrete group. It would be interesting to extend our study to twisted forms as well.
We hope that these effects on the stability and transformation between branes and fluxes,
could help to provide with new constraints to phenomenological models where the presence
of both, branes and fluxes are fundamental.
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A The Atiyah-Hirzebruch Spectral Sequence
Let us give a brief review on the Atiyah-Hirzebruch Spectral Sequence (AHSS) (for further
analysis, see [8, 7, 9]). Essentially it is an algorithm which relates integral cohomology with
twisted K-theory. The relation involves the construction, by a finite number of steps, of
twisted K-theory classes from integral cohomology classes. In general, an integral cohomol-
ogy class [ωp] ∈ H
p(X;Z) does not come from a twisted K-theory class [x] ∈ K(X). Hence,
the algorithm begins with cohomology. At this step, cohomology is the first approximation
to twisted K-theory and it is denoted by E1(X).
At the pth step, the approximate group is denoted by Ep(X), where
K(X) ∼ Epm ≡
Ker dm|Epm−2
Im dm|Ep−mm−2
, (A.1)
such that, the first approximation is
E1(X) = ⊕pH
p(X;Z) . (A.2)
The second step is to consider forms which are closed under the differential map
d3 ≡ ∧H3 , (A.3)
with d3 : Hp(Z;Z) → Hp+3(X;Z), but discarding those which are exact. This defines the
group
Ep3(X) =
Ker d3|Hp
Im d3|Hp−3
. (A.4)
After this step, only those forms which are closed will survive and represent stable D-
branes in string theory provided the NS-NS field is identified with H3. Those forms which
are not closed represents the instantonic branes we have discussed in this paper. Finally,
(p + 3)-forms which belong to the trivial class satisfy
d3ωp = ω ∧H3 = σp+3 , (A.5)
and represent branes which can nevertheless be unstable. Notice that, according to the inte-
gral class of H3 (upon the isomorphism with the field), such forms belong to torsion classes
in K-theory.
One can go further, defining several groups in order to get a closer approximation to
K-theory. However, the algorithm ends after a finite number of steps. At the end, one gets
a group which is called “associated graded group” Gr(X) given by,
Gr(KH(X)) = ⊕pE
p(X) . (A.6)
This group, is in some cases10 the K-theory group. However, in other cases it is necessary
to solve an extension problem, since
Gr(KH(X)) = ⊕pKH,p(X)/KH,p+1(X) . (A.7)
In cases as in this paper, the second step is the final approximation.
10In the context of string theory, this happens in the absence of orientifold planes.
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